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Abstract 

The article is an attempt to investigate the issues of asymptotic analysis for problems 
involving fractional Laplacian where the domains tend to become unbounded in one-direction. 
Motivated from the pioneering work on second order elliptic problems by Chipot and Rougirel 
in [3], where the force functions are considered on the cross section of domains, we prove the 
non-local counterpart of their result. 

Furthermore, recently in Yeressian established a weighted estimate for solutions of 
nonlocal Dirichlet problems which exhibit the asymptotic behavior. The case when s = 1/2 
was also treated as an example to show how the weighted estimate might be used to achieve 
the asymptotic behavior. In this article, we extend this result to each order between 0 and 1. 


1 Introduction 

The non-local operators, in particular the fractional Laplace operators, have gained a great interest 
in recent day research; both for their interesting theoretical structures and for their wide range of 
applications. Motivated from the recent interest in this topic, we consider the non-local counterpart 
of the following second order elliptic problem : 

( - Ave = fe in . 

f = 0 on ^ ' ' 

where, fig = x to C K." denotes a cylinder of length i with the open bounded set ui C 

as the cross section and vg. € iLQ(f2^) denotes the unique weak solution of (11.11) for fg G L‘^{ftg). 
Asymptotic behavior of problems of type (II.1|) , as the length £ tends to infinity, have been studied 
with full generality in last two decades. We refer E], 0 , m as some of the relevant references in 
this topic. Also a large amount of literature is available on the asymptotic analysis for different 
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types of elliptic, parabolic and hyperbolic problems involving different boundary conditions, for 
instance see i, E], i, m, i, m, M- Our aim of this paper is to investigate the asymptotic 
behavior of the solution to the Dirichlet problem for the fractional Laplace operator. To be precise, 
let us consider the following problem ; 

f i-AYm = fi in ni, 

= 0 on fig. ' ■ ' 


Where, fli is same as above definition and for a fixed s G (0,1) the fractional Laplace operator is 
defined as 


{-Ayu{x) = Cn,s p.v [ 
JR' 


u(x) — u{x + y) 


\y\ 


n+2s 


dy. 


(1.3) 


Here, P.V denotes that the above integral has to be defined in principal value sense. The constant 
Cn.s , which depends both on n and s, will be defined explicitly in next section. The other way 
of defining the fractional Laplacian is also possible which has also been discussed in the next section. 


To the best of our knowledge, only result available on asymptotic analysis for non-local elliptic 
problems is due to Yeressian (see, [T5]l. In [TS] the author has obtained weighted estimates for 
solutions of Dirichlet problems for a class of non-local operators which are the generators of the 
semi-group created by symmetric pure jump Levy processes. Fractional Laplacians are generators 
of such processes. But in [TS] the weighted estimates has been used only to show the asymptotic 
behavior for the case s = 1/2 (see. Lemma 4 of [TS]) . We can formulate this asymptotic behavior 
result as follows : 

Theorem 1.1 Let ui he the weak solution of the equation (ll.2p for s = i with the condition that 

support{fi) Cfl£\ fli-i and \\fi\\L 2 (n^) < K, (1.4) 

where K > 0 is a constant independent of i. Then, as £ —>■ oo we have 



In this article, we deal with two kinds of problems. In the first part, we consider a completely 
different condition than dEl on the force term fg. In this case, similar to the result by Chipot 
and Rougirel in [J, the force term would be defined only on w C which assures us that ff, 

would be independent of £. To be precise, we denote YT S K" by (xi,X 2 ) G R x R"“^ and we will 
study the following problem 

f (-A)'’u^ = f{X 2 ) in fie, ^ 

( = 0 on fig, '' ■ ' 

where, / G L^(w). 

In the case of classical Laplacian, Chipot et al in [3] and [15] have showed that the weak 
solution ve of equation da with fe = f{X 2 ) will converge to Vcx^ in H^[flae) for any a G (0,1) 
where Voo G is the unique weak solution of the following problem: 

- Avoo{X 2 ) = f{X 2 ) in UJ, 

i^oo(^ 2)=0 on duj. 
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We expect a similar convergence result for fractional order Laplacian case also, i.e, the asymptotic 
behavior of the solution ug to the problem (11.51) should depend on the problem (11.61) which sets 
on the cross section w of the cylinder. In particular, we obtain the following theorem which is one 
of the main result in our article. Let (—A')® be denoted as fractional Laplace operator in n — 1 
dimension. 

Theorem 1.2 Let us assume s G (^,1), /(W 2 ) € L^(cu). Let Ui he the unique weak solution of 
equation (HU for each i and u^o he the unique weak solution of the following equation on the cross 
section w of the cylinder Lli, 

( (-A')®Moo = /(W 2 ) in uj, g. 

\ Uoo = 0 on UJ^. ^ ’ 

Then for each a G (0,1) as £ ^ 00 , we have 

I Uoo I ^ O' 

J 

In the second part of this article, we reconsider the equations of type (HU when fi satisfies 
HU- Our second main result of this article extends Theorem 11.11 to every values of s G (0,1). In 
particular, we prove the following theorem : 

Theorem 1.3 Assume fe satisfies the condition HU and let ui be the weak solution of the problem 
HU- Then for any S > 0, as £ ^ 00 one has 



In the above theorem one can replace fli with Llji for any given R > 0. Here we would like to 
point out that the rate of convergence obtained while proving Theorem 11.11 is better than the rate 
we obtained while proving Theorem 11.31 for the case of s = However, we are more interested in 
studying the convergence of ug in L^-norm for each s G (0,1) rather than to get a better rate of 
convergence in particular. It makes Theorem 11.31 more valuable for our purpose. 

One can deduce the convergence result for the solution of equation (11.11) with fg = /(X 2 ) from 
the convergence result for the solution of equation HU with the condition (11.41) . This can be done 
using a suitable transformation of the type (lA.ll) . Thus, in the case of classical Laplacian, the two 
problems are some what related. But, for the problem involving fractional Laplacian, the situation 
is completely different due to its non-local nature. Still, we can prove a connection between these 
two problems by considering the force function / with better regularity. We will discuss this issue 
in details in the Appendix. 

Rest of the article is organized as follows. In the next section we introduce some basic notations 
and definitions which would be required throughout the article. Section |3] is devoted to some 
preliminary results that will be required in the proof of Theorem 11.21 We need to emphasize that 
Voo can be extended to fig for each £ > 0 trivially in the classical Laplace case and we can easily 
see that Avca is well defined in fig C K". However, in the non-local setting one has to justify 
the well-definedness properly and this issue has also been considered in Section [3l In Section |4] we 
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present the proof of Theorem 11.21 In Section [5] we analyze the case of article [15] where the force 
function fi has chosen to be supported inside and we extend Theorem ll.ll to all s G (0,1). 

The paper concludes with an Appendix where we make a connection between these two problems 
with some extra assumptions. 


2 Notations and Definitions 


In this section we introduce various notations and definitions of spaces that would be used through 
out the paper. 

Unless and otherwise mentioned, X, T, Z will denote points in R", Xi,yi, zi will denote points 
in R and X 2 ,Y 2 ,Z 2 will denote points on R"“^. It is understood that, through out this paper 
functions are extended by zero, if not explicitly mentioned. Br will denote ball of radius R with 
center at 0. We use letters C,K etc to denote various generic constants which may change from 
line to line. 

The T°°-norm in a set U C R" will be denoted by ||.||ioo([/). Similarly the L^-norm in U will be 
denoted by ||.||i 2 (( 7 p The Holder space with fc G N, a G (0,1] is defined as the subspace of 

C^{U) consisting of functions whose fc - th order partial derivatives are uniformly Holder continuous 
with exponent a and the norm will be defined as 


l|w||c''.“(C/) 


k 

V ||T>'m||loo(c/) + sup 
^ X.vec/ 


iD'^uiX) - D^u{Y)\ 
\X -Y\°‘ 


For s G (0,1), the n and n — 1 dimensional fractional Laplacian operators will be denoted by 
(—A)® and (—A')® respectively. We have already defined the fractional Laplacian in (11.31) . We can 
also write the integral in (11.31) as weighted second order differential quotient, provided it is well 
defined. For any s G (0,1) and X G R" we write 


(-A)®u(X) = 


2u{X) - u{X + Y)- u{X - Y) 


/R" 




n+2s 


dY. 


( 2 . 1 ) 


The novelty of this representation is that the above integral does not involve the singularity at 
origin. We refer to [TT] for the equivalence of two definitions (11.31) and (12.11) . The space iJ®(R") is 
defined as the space of all functions u G L^(R"), such that the map 


{X,Y)^ 


u{X)-u{Y) 

|x-r|t+® 


belongs to L^(R” x R”). It is well known (see, m) that iL®(R") is a Hilbert space endowed with 
the norm 

IHIi/qR^)=/ \u{X)fdX+ f \^^l&-;^^dXdY (2.2) 

The second integral of (12.2|) is called Gagliardo semi-norm for iL®(R") and is denoted by [.J^qR**). 
Let fl be any open bounded subset of R". We define the space endowed with the norm 

IMIi/qR"), as 
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(R") := {u e iJ"(R") I M = 0 on 17=} . 

Also by T^(n), we denote the space of all functions from R” to R, such that G L^{Q) and the 
map 

« Y) , , - “y) 

^ ’ |x-r|T+^ 

belongs to x R”). will denote the set of compactly supported smooth functions in il. 

We define sq : i?Q(R") x Hq(W^) —>■ R, the bi-linear form, as 


en{u,v) := Cn,s / / 

jR" jR’ 


HX)-«(y)}^(x) 


|X - r|n+2s 


dXdY 


Cn 


{u{X)-u{Y)}{viX)-v{Y)} 


\X-Y\ 


n+2s 


dXdY, 


where Cn,s can be written down explicitly as 


Cn, s 


s2'*r (^) 

TT'f r(i — s) 


(2.3) 


and r denotes the usual Gamma function. Detailed discussion on the constant C„^s can be found 
in m- We refer to [I] for the the proof of the second equality in the definition of en above. We 
now define the notion of weak solution to the problem (11.21) . 


Definition 2.1 Let fli be the open bounded set defined as above and fi G Then, ue, G 

iJ^^(R") is a weak solution of the problem (jl.2ll . if it satisfies 

enfiui,4>)= j M, (2.4) 

Jnt 

The weak solution of the problem (11.611 can be understood in similar way. Next we define the 
notion of weak solution for non-homogeneous boundary value problem of fractional Laplacian. 


Definition 2.2 Let g G D(D) and f G L^(fil), a function u G V(Ll) is called a weak solution of 

( (—A)®m = /' in n, 

\ u = g on 


if u — g £ iJ^(R") and 


en{u,cf)= [ f'cf, V<^Gi/^(R"). 

Jn 


Existence and uniqueness of the weak solutions for those problems are well studied and fairly 
well-known now a days. We refer to [1] for further reference. 
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3 Some Preliminary Results 

Before we start proving the preliminary results, required for the proof of Theorem ll.21 one important 
fact that should be noticed is the involvement of the constant Cn s (depends on the dimension) in the 
weak formulation of the problem (11.51) and which is not the case for Laplacian. Since the problem 
(ESI) and (fra deals with fractional Laplacian in n and n — 1 dimensions respectively, necessarily 
there should be a connecting formula for the constants. Our next lemma provides the aforesaid 
connection. 


Lemma 3.1 For each n G N and s € (0,1), let Cn,s he defined by (j2.3|) . 
Cn-i,s, where 


0n 


dz 


(1 + Z2)^ 


Then one has Cn,s0n = 


Proof. First note that 0„ 


2 /; 


dz 






Changing the variable by z = tan0, one obtains 


0„ = 2 / (cos0)"+2«-2d0 = i? ( i ^ 


where, 

B{x,y)=2 [ \cos {sin efy-^dd, 

Jo 

/ 1 \ / 7X -f-2 S — 1 \ 

for x,y G (0, oo). Using the formula B (i, n+^zii) = one obtains the desired result. 

□ 

As we have discussed in the introduction, for the problem involving Laplace operator it is a 
straight forward calculation to claim that Uoo is the unique weak solution of the following problem 

f - A u = /(X 2 ) in rii, 

\ V = Uoo(A2) on dili. 

But in the case of fractional Laplacian we have to establish that Uca is a weak solution of Ell- 


Lemma 3.2 Let us define u^{xi^ X 2 ) '■= Uoo{X 2 ). Then u'^ is the unique weak solution of the 
problem 

( {-AYu = /(A 2 ) in Lie, 

\ It = Uoo{X 2 ) on Llf 

where Uoc is the weak solution of (El- 

Proof. First of all we would like to show that problem (13.1|) is well defined, that is G U(flf). 
Clearly G L‘^{Lle). Next we would like to show that 



|u^(A)-u^(y)|2 

|x_y|"+2* 


dXdY < 00 . 
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We see, 


Oil jR" 




|x-y| 


n+2s 


■dXdY < 


\Uog{X2) - Moo(>^2)|' 


< 



( 1 1 ki-yiP A 
1,^+ \X2-Y2[^} 


/ 


(X2)-Uoo(r2)|2 

f 

dyi 


-dYdX2dxi 


< &r 


-t Jlj JR'*"1 
l 


\ 


-I 


(X"-ixR"-i 


1^2 -1^2 I 

\ 

|Moo(-’^ 2) - '«oo(>2)P 


/ 


|^2-^2|"-^+2* 


(1 I \xi-Vi\'^ \ 

+ \X2-Y2\^) 

-dX2dY2] dxi = 2£Qri[uoo]H‘' 


dY2dX2dxi 


1)’ 


where 0„ is as in Lemma o This ensures that € V{ne). 

Now we show that is indeed a weak solution of the problem dsn). Let (/. G 

{uUX) - ul,{Y)}^{X) 


<P) = Cn,s [ [ 

J K”' J M 


= a. 


/R" JR" 


|X - Y\^+^^ 

{Uoo(X2) - Uoc(Y2)}4>{X) 


-dXdY 


-dYdX. 


|X2-r2h+2«(l+^^) ^ 

Integrating first with respect to yi and using the fact that Uoo satishes (fTel) weakly, one obtains 

{Uoo(^2) - Uoo(b"2)}<^(a:i,-^2) 


= C'„,s0n [ ( [ 

JR \JR"-1 


-dX2dY2 dxi 


Cn.s^ 


1^2 ->2 I"-1+2" 

— f ( f f{X2mXi,X2)dX2] dxi = [ f{X2)4>{X)dX. 

l,s JR \Juj / JQe 


Cn- 

To obtain the last equality we have used Lemma 13.11 and since the problem (13.11) admits unique 
solution, this completes the proof of the lemma. □ 


The next theorem is the Poincare inequality in fractional sobolev space for the domain of the 
form rti. We refer to Lemma 1 of m for the proof. 


Theorem 3.1 [Poincare Inequality] Let £ > 0 and Lli be the domain defined above. Then for every 
u G Hq^{RP) there exists a constant C > 0, independent of £, such that 



dX <C 



{u{X)-u{Y)Y 

|x_r|"+2'> 


dX dY. 


We conclude this section by proving an a priori estimate using Poincare inequality, that will be 
useful in proving Theorem 11.21 


Lemma 3.3 Let f G L'^{uj) and ui G be the weak solution of the equation (II.5|) . Then 

for every £ there exists some constant C > 0, independent of £, such that 



ll/ll 


h{uj) 
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Proof. Using cf) = ug in (12.41) . Poincare inequality and Holder’s inequality, it holds for some constant 
C > 0 (independent of £) 



This proves the lemma. 


f{X2)ui < C'/i\\f\\L^{uj)\\ui\\L'^{Qe)- 


□ 


4 Proof of Theorem 11.2 


In this section we prove Theorem 11.21 which is one of the main result of this article. The subsequent 
function pi would play an integral role to prove the theorem. Let a G (0,1) and : R —>• R be a 
Lipschitz continuous function on R, defined by 


PE = 


in {—at, at) 
on (-f,£)^ 


such that 0 < pf < 1 and |p^| < y for some constant C > 0 depending on a. Before going to the 
proof of the theorem, let us prove an important lemma which would be required for the proof. 

Lemma 4.1 Let u^o be the weak solution of (11.61) and pi he defined as above, then the function 
MX) := Uoo(X2)p2(xi) G iL^,(R"). 


Proof. It is clear that 61 G Lf 


*), as we see 


J^^MX)dX= |^y'^pl(xi)dxi^ (^J uMX2)dX^ <00. 


Now let US consider the semi-norm of Hq^{W^). 

f f \MX)-MY)\^ 


[4>e\ 


J-* n 




< 2 


|x-y|"+2s 

\MX)-My)\^ 

|x-y|"+2* 

\MX)-My)\^ 


Jn, Jr" 

= 2 / 1 +/2. 


dXdY 
dXdY + 

dXdY 


\MX)-My)\^^ 


Ini JR" 1^ ~ y|n-l-2s 

f f \MX)-My)\^ 

JnJni 


dXdY 

dXdY 


Since (f>i = 0 outside Lli this implies that /2 = 0 and therefore it is sufficient to show that is a 
finite term. 


h = 

< 2 


/ / 

J r2/ J M 


\MX)-My){^ 


■dXdY 


|x - y|"+2- 

uUx 2 ){p^i{xi)-p^MY 


jQe JR" 

= 2/3-b 2/4. 


|x-y|"+2« 


dXdY + 2 


Pliyi){Uoc{X2) - Uoo(b2)}" 


/ . 


|x-y| 


n+2s 


dXdY 













We first estimate the term I 3 . 


h = 


Ini J\x-Y\<i 


< C 


uUX2){p^,[x,)-pl{y,)} 

"/ / 

Jni J\x-Y\>i 

uUX 2 )\X-Y\’^ 


-dXdY 

uux 2 ){pn^i)-pnyi)r 


|X_y|n+2s 


dXdY 


I\X-YI<1 \X-Y\-+^^ 


dXdY + C 


uloiX 2 


Qi J\X-Y\>1 \X — F|"+2f 
dZ 


■dXdY 


<C [ uUX2)dxf ^^ + cf uUX2)dxf 
JQi dB(o,i) \^\ Jni Je 


iB{o,iy 


|zh+2* 


= K. 


The term I 4 is also finite after following a similar argument as done in the beginning of the proof 
of Lemma 13.21 It concludes the proof. □ 


Proof of Theorem 11.21 Set Vi := Ui — Moo- Using the definition of Ui and Lemma l3.2l we see 
that Vi satishes the following equation in weak sense: 


{-AYvi = 0 
Vi = -Uoo{X2) 


in VLi, 
on n?. 


which is obtained after subtracting (11.511 from ()3.1|) . Hence for (j) G one has 


... ^rj. 


JR^ 


{vi{X)-Vi{Y)}{(l,{X)-^{Y)} 

|x-r|"+2« 


dXdY = 0. 


(4.1) 


From previous lemma we know that (pi := p'j{xi)vi{X) G iLQ^(]R”), and hence the expression 
(gH) holds true with (p = pi. This implies that 


0 = 


/ 

JR-^ 


dX dY 


{vijX) - Vi{Y)}{vi{X)p^Y^i) - Vi{Y)p^Yyi)} 

\x - r|"+2» 

{vi{X)-Vi(Y)YpJ{xi) vi{Y){vi{X) - Vi{Y)}{pl{xi) - pliyi)} 




|x-y| 


n+2s 


|X-y|"+2« 


dX dY. 


Therefore, 


/ / 

-j 

JR^' 


{vi{X)-vi{Y)Ypj{xY 


dX dY 


< e 


Ijf _y|n+ 2 s 
Vi{Y){vi{X) - Vi(Y)}{p^Y^i) - p^jjyi)} 

. |x - r|"+2» 

{vi{X) - Vi{Y)Y{pi{xi) + Pi{yi)Y 


/R" ./R" 


|X-F|"+2s 


dXdY - 


dXdY 
1 


/R" ./R" 


{Pi{xi)-Pi{jji)Yvt{Y) 

|x-r|"+2^ 


dXdY 
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< 2e 

= 4e 


{v,{X) - vi{Y)Y{pl{x,)+pl{y,)} 1 

|X - y|ri+2s ^ 

{vijX) - Vi{Y)}'^p'j{xi) 


{pe{xi)-pe{yi)yvj{Y) 

|x-r|"+2« 


dX dY - 


{pe{xi)-pi{yi)yv'}(Y) 


\X — y|"+2s c 

Choosing e small enough, one gets for some constant C > 0, 


|x-y|"+2* 


/ / 

JR^ JR'> 


{vyx)-ve(Y)ypyx,) 

|x-r|"+2s 


dX dY <C 


f f {Pe{xi)-Pi{yi)yvyY) 

/r" Vr" ~ y|n+2s 




dX dY. 


dX dY. 


(4.2) 


Now applying Poincare inequality, obtained from Theorem l3.ll we get that for some constant C > 0 
(independent of £) 


f {vipif dX <C f 

J Jr 


{ve{X)pi{xi) - vyY)pe{yi)y 


<2C 


/R^ ^R^ 


-\{ 0 } 

{pi{xi)-pyyi)yvl{Y) 

|x-y|"+2* 


|x-y|"+2' 

dX dY + 2C [ 


dXdY 


{vdX)-ve(Y)ypyxi) 

|X-y|’^+2« 


dX dY. (4.3) 


Combining this (14.3p with (14.2|) and using Tonelli’s theorem, we obtain for some constant C > 0, 


[ [vipif dX < C [ [ 
Jq,i Jr" Js. 


{pi{xi)-pt{yi)yvj{Y) 


|X-y|"+2« 

c[ [ {pe{x,).pe{yi)yvUY) 

Jr Jr^ 

[ vUY) 

jR" 


dX dY 


1 


C 


n”= 2 e. 

c 


{pe{xi)-pe{yi)y 


xi - 


-1 |x-y|"+2* 

da;i ) dY 


dX 2 I dxi dY 


vJ{Y)Je{yi)dY, 


where 


Je(.yi) = [ 

Jr 


{Pi{xi)-Pi{yi)y 
|a;i - 


dxi. 


By definition of one obtains for some constant C > 0, 

f \vmf dY<2C [ uyY)Je{yi) dY + 2C [ ul,{Y2)Ji{yi) dY := 2Ch + 2CI^. (4.4) 

jQi 7r" 7r" 

We now estimate the term Ji(]ji). 

Case 1: yi e {-2£,2£Y 


In this case pe{yi) = 0, therefore 


|J.(yi)|< \\P,\\I^I_ 


dxi 


< 


C 


C 


-I \xi - 


K + yi 


|2s ■ 
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Case 2: 


yi g {- 2 i, 2 i) 


We estimate this case using mean value theorem and \p(\ < y. We rewrite the integral as 

{pi{yi+zi) - pi{yi)Y 


Hence, 


\Uyi)\<c 

c_ 

p 


Jt{yi) = [ 

JR 


{piiyi + zi)_pe{yi)y 


ki| 


l+2s 


-e 


Hi 


l+2s 


dzi + C 


dzi. 


{peiyi + 2 :i)_pf( 2 /i )}2 




< 


Hi 


Hi 


l+2s 


dzi + 2 ( 711 / 3 ^ 11 ^ 


< 


Hi 

C 


l+2s 


dzi 


r dzi 


Combining the two cases we get 


C 


Jiijji) < “c , C 

+ \e+y,\-^s 


in i- 2 £, 2 £), 
on (-2^, 2^)7 


(4.5) 


Now we estimate the term /qo in (14.41) using the above estimate (14.5|) for J^. 
^ 00 =/" ul^{Y)Je{yi) dY = f ul^{Y 2 )dY 2 [ Je{yi)dyi 

J UJ J —CO 


r 2 £ 




1-21 


Myi)dyi 


i{-2i,2ey 


Jf.{yi)dyi > < 


C\\uo 




£2s-l 


if s > i. Finally we estimate the term If, using Lemma 13.31 As ug = 0 outside £1(, we have 


h = f < 


/ 




/ 


„,2 / C\\f\\L2{w) 

— £2s-l 


(4.6) 


(4.7) 


Finally, since = 1 on {—a£,a£), we obtain from (14.41) by using (14.61) and (14.71) that 

/ {ue — Uoc) dX < 2s_i j 
J Q,at ^ 

where the constant C is independent of £. Since s > i, this concludes the proof of the theorem by 


letting £ —>• oo. 


□ 


5 Proof of Theorem 11.3 

In this section, we are going to study the second part of this article, i,e, we generalize Theorem ll.il 
for every s € (0,1). For a bounded and Lipschitz continuous function p on R”, similar to the article 
US], let us define Ss{p) by 
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Our aim is to construct a function p for each s € (0,1) which satisfies 

Ss{p)iX) < Co^p{X), MX e R" where, ^ < 7 < ^. (5.1) 

Once we construct suitable p which satisfies (ED, then the proof of Theorem 11.31 would be an easy 
consequence of following proposition. 

Proposition 5.1 Let un G be the weak solution of (11.21) . If for some 7 < ^ there exist 

a bounded Lipschitz continuous function p such that dSH) holds. Then for some constant > 0 
independent of i, we have 



ui{x)p{x) dx < 


f!{x)p{x) dx. 


The proof of Proposition 15.II is a straightforward application of Lemma 3 and Theorem 1 of article 
[T5] by Yeressian. 


To this end, for 0 < e < 2 let us define 


4 >eit) = min 


- ^-1 
2 l^l■ + ij 


Clearly </)£ is Lipschitz continuous and bounded. Then the function p^^x on K” defined by 

PeA^) ■= A (y) 

is also Lipschitz continuous and bounded. The next theorem can be considered as the main step 
for the proof of Theorem 1 1.31 


Theorem 5.2 For each A > 0 and e < 2s one has for some constant C = C{e) > 0, 

Ss{peAiX)<^P^AX). 

Remark 5.3 For e € (1,2] we can also take (j)e{t) '■= TTltp’ conclusion of Theorem 

remains true. One can adopt a similar line of proof for this case. 

We need the following two lemmas in order to prove Theorem 15.21 First let us prove these 
lemmas. 


Lemma 5.1 For e > 0, there exist some constant K = 

A{z + t) 

sup = 

2gr,|t|>i Ayzjpp 


K{e) > 0 such that, 
K < 00. 
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Proof. We write 


<t)^{z + r) 

sup 

2gR,|r|>l 


< max{A, B, C} 


where, 


A = 


<f>e(z + T) 

/ M le ^ 

i2i<2,iri>i 'Pewrr 


B = sup 

kl>2. l<|r|<l|i 


(j^eiz + r) 
(l>e{z)\TY 


and C = 


sup 

kl>2, |T|>lfi 


(l)e{z + T) 


Using (/)e(z) > 4’e{2) on the set \z\ < 2 and ||(/)e||L=o(R) < we get trivially 


A < 


1 + 2 '= 
2 


(5.2) 


Now we estimate the term B. On the set |t| < using triangle ineqnality we get |z + t| > 
Using this we have 


B = sup 

kl>2, l<|r|<lfi 


(j)e{z + T) 

Mz)\t\'^ 


sup 

kl>2, i<|T|<ifi 


1 + kl^ 


< 


sup 


(1 + |z + r|'=)|T| 

i + izr 


< 2 *= 


ld>2. l<|r|<-!|i u+'^r 


sup 


1 + 1 ^ 


<2'= + l. (5.3) 


ld>2. l<|r|<^ 


Now we estimate the term C, using ||^e||Loo(R) < h we see 


C < 2' 


'e\\L° 


. 1 ^ 2 -= + 1 


ld> 2 . |r|>^ 

The lemma then follows with K = 2*= + 1, after combining (15.2|) . (15.31) and (15.41) . 


(5.4) 

□ 


Lemma 5.2 There exist a constant > 0, such that 



2 

< Ce4>e{x), for almost all a; G K., |^| < 1 . 


Proof. First we consider the case when |x| > 2. Using the fact that |a; + ^1*= ^ < 1 (which is true 
since |a: + ^| >1 and e < 2 ) we obtain 


(\/(/>,(a; + ^)) ' 


= a 






1 


(1 + |a; + ^|'=)3 (1 + |a; + ^|'=)3 (1 + |a; + ^1'=)^ 

a 


< 


1 + |a; + C|<= 


(5.5) 


Again since |a;| > 2 and |^| < 1, this implies 


1 + + > 1 + (|a;| -!)">! + 



> 


1 + |a;|'= 
2 ^ 


(5.6) 
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Combining the two equations (15.51) and (15.6L we get the required inequality for |x| > 2. 


Now let us consider the case |a;| < 2. First note that if |x + ^| < 1, then the required inequality 
is a triviality as = 0 on the set l^l < 1. So we consider the case when |a; + ^| > 1. Clearly in 
this case as |a; + ^| < 3, we have 




= a_ 




(1 




< Ce la; + 




32.-2 

1 


if e > 1 
if 0 < e < 1. 


Lastly, as |x| < 2, it implies </>£ > ■ Therefore, for |a;| < 2 and for some constant > 0, we 

get 




< Ce<l)e{x). 


This finishes the proof of the lemma. 


□ 


Now we are ready to prove the Theorem 1 5.2 


Proof of Theorem 15.21 

First let us consider Ss{pe,\){x). By Integrating in the variables ?/ 2 ) 2 / 3 , • j ■ ,2/n, we have 


Ss{p,,x){X)= [ (jp,,x{X + Y)-Jp,,^iX)] 

dR"\{0} V ^ / 


^■(t) 


dY 


/R^MO} 


Xi + yi 

A 


|y|n+2s 

2 

\ dY 




n+2s 


= 0 


/r\{0} 


Xi + 2/1 

A 




dyi 


\y: 


|l+2s ’ 


where 0 = YYi =2 ™ Lemma [3. II Using the change of variable At = i/i, we get 




dr Q ^ fxi 


(t)- 


/r\{o} \ V ^ V \ A y j A^ 

Clearly the theorem will be proved if we show that there exist a constant > 0, 

Is (x) < Cs(l)e (x) , Vx G R. 

Since (/>. is even, using change of variable it is easy to show Is(x) = Is(—x) and hence it is enough 
to consider the case when x > 0. We write Is(x) = /f (x) + liix), where 


and 


ii{x)= ( (y^r(xTry- 

l2{^) = j [V4>e (x + t)- y/cpe (x)) 


2 dr 


.^|l+2s 

2 dr 


I l+2s 
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Let us first estimate the term /| using Lemma l5. II 


liix) = / ^ ^ ^ (We (x + t)- |7|^^ “ ^/ 1 1 (x + r) + (/), (x)) 


c?r 


dr 


< Ccfieix) + 2 [ (j)^{x + T) < C(j)eix) + C^fj^eix) 

J(- 1 . 1 V hi 


|-^|l+2s 

dr 


|l+2s-e ■ 


Since e < 2s, we get 


l2{x)<C^(j),{x), VxeK. 


Now we estimate the term If. Using mean value theorem, there exists some |^| < 1 and x — t < 
X + ^ < X + T, such that 

^y(j)e{x + T) - \/(j)e{x) < (^VMx + O) ' kl- 

Plugging this expression in /f(x) and using Lemma 15.21 we finally get 

/i(x) < C,c^,{x). 


This completes the proof of the theorem. 

Now we present the proof of Theorem 11.31 


□ 


Proof of Theorem 11.31 

By the hypothesis of the theorem, is the weak solution of the problem (11.21) where 

\\fe\\L^{Qe\Qe-i) < K 

for each £. Taking A large enough we see by Theorem 15.21 that the hypothesis of Proposition 15.11 
holds true with the function Pe,\- Hence we obtain 



uj{x)p,^x{x) dx < c; 


f!{x)p,^,{x) dx, 


(5.7) 


where, C}^ is independent of £. Now using assumption (iia, inequality (15.71) and the definition of 
Pe,\ we get 



dx ^ Cl f p^ xiL^ dX 'C: C2 [ 




c 


for every e < 2s. This completes the proof of the theorem. 


□ 


A Appendix 

As mentioned in the introduction, here we give a proof of Theorem 11.21 using Proposition 15.11 with 
Theorem 15.21 and we need a better regularity on the solution u^o of the problem (II.6 p in order 
to prove this connection. The boundedness and regularity of Mqo follow from the next theorem 
obtained by Oton and Serra [see, nai¬ 


ls 
















Theorem A.l Let Q be a bounded Lipschitz domain satisfying the exterior ball condition and 
f € Let u be the weak solution of type (11.21) where fi is replaced by f and Lli is replaced by 

n. 


(i) If f € L°°{Q) then u G and there exists Ci > 0 such that 

||^^||C*(R") < C'l||/||ioo(Q). 

(ii) In addition, if there exists /3 > 0 such that j3 + 2s > 2 and f G C°’^(0), then u G 
and there exists a constant C 2 > 0 such that 

||u||c2,2« + /3-2(Q) < C2 (||/||cO./3(n) + I|W||C“(R")) • 

Once we consider the above assumption on the force function / to the problem CH), then the 
weak solution u^o of (11.61) is a classical solution and Uoo G L°°{'RL~^). Next we state and prove the 
main theorem in this section. 


Theorem A.2 Let s G ( 5 , 1 ), / G for some /3 > 0 such that /3 + 2s > 2. Let ui be the 

solution of (IE3 and Uoo be the solution of dm. Then we have 

I Uoo l|L2(ni)—0 as i ^ 00 . 

Proof. We need a very important auxiliary function in order to prove the theorem. Let : R —>■ R 
be a smooth bounded function on R such that 

/ 1 ini-e,er 

on (-£+!,£-1 ). 

We define 

We ■■=Ui-Uoo + 'ipeUoo- (A.l) 

By the assumption on / and ipi, using Theorem I A. 1 1 we observe that (—oan be evalu¬ 
ated point-wise in Lie- First, we will show that {—AYuoo'f’i G if (Lie). By the definition of fractional 
Laplacian we see 


(-Ayuoo(X2)i’i{xi) 

_Cn,s f 2uoo(X2)'ipe(xi) - Uoo(X2 + Y2)'ipe(xi+yi) - Uoo(X2-Y2)Ye{xi - yi) 


=-^i’eixi) 


Cn 


|y|n-|-2s 

2Uoo(X 2) — Uoo(X2 + Y2) — Uoo(X2 — Y2) 


dY 


dY 


Uoo(X2 + F2){V'^(a:i) - ipeixi + yi) + yii>'Yxi)} 


dY 




|y|n-|-2s 

f Uoo{X2 + Y2){'ipe( xi) - ipejxi + yi)} 

/b( 0 , 1 )‘= I^I 


n+2s 


dY 
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+ 


Cn 


Uoo{X 2 - Y 2 ){'iIji{xi) - -Ipeixi - yi) - yi-ip^ixi)} 


dY 




L 


|y|n+2s 

Uoo{X 2 - Y 2 ){'ipi{xi) - tpi{xi - yi)} 


3(0,1)“ 




n+2s 


dY 


= h + h + h, 


where, Ii,l 2,13 are the first, second and third integral respectively in the above expression. In the 
previous calculation we have used the fact that yitlj'^{xi) is an odd function of yi for each Y 2 . Now 
for 2/1 £ (—1,1) using the estimate 

\il^i{xi) - ipaixi ± yi) ±'tp'^{xi)yi\ < y?||i/'"|U-(R) 

and the boundedness of ipt, we get 

1-^21 + Ihl < ^||■Uoo||L“(B"-l) (lllAfI| l“(R) + IIV'f1lL°°(R)) ■ (^-2) 

Next, we consider Ii and as we did earlier in our article, integrating with respect to yi variable, we 
get 

i/ii < c \Mx,m-Aru^iX2)\ = cmxi)\\fiX2)\, 

hence, combining this with (IA.2I) we finally get for each {xi,X 2 ) £ 


\{-AyUaa{X2)llJi{Xi)\ 

\f{X2)\ + i4r||Uoo||L~(Rn-i) (||lAf||L=(R) + ||iA^1|l°=(R)) ■ (A-3) 

The inequality (IA.3I) assures us (—A)®Uoo'*/'f £ Hence, from the definition of ui and Uoc we 

see that := ui — Uoo satisfies the following equation : 


r {-AY ve{X) = {-AY {'tlji{xi)uoo{X 2 )) ■■='^yx) in 

= 0 on 


(A.4) 


where, 

Now applying Proposition 15.II to the equation (IA.4I1 with the family of functions pe,\ for suffi¬ 
ciently large A, we get for any e < 2s, 


1 

2 




Pe,\v'i < 






2 


< 


[ Pe.X^i + [ Pe^'S^e < [ Pe,X^} + ^ [ 'fl (A.5) 

Jne JQe\ne ^ +{ 2 } 


(2) 


^ 5 5 5 

First we estimate the function on the set Hi point-wise. By definition 


:= (-A)'’ {uoo{X2)Ye{xi)) 

_ 1 /■ 2uoo{X2)Ye{xi)-Uoo{X2+Y2)Yi{xi+yi)-Uoo{X2-Y2)Y£{xi-yi) 

~ 2 L 

1 f -Uoo{X2 + Y2)Ye{xi + yi) - u^{X2 - Y2)Ye{xi - yi) 

~ 2 |F|"+2^ 
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Clearly as uj is bounded we can find a ball Bji of radius R in R" ^ such that w C Hence, as 

X G ill, we see that 

2 


Uao{X 2 ±Y 2 )'ipixi±yi) =0 where H £((-- +1,--1 ) x B 2 R 


Using this fact we get 

< 2||moo||l“(r"-i)||'0^||l°°(k) 


dY 


( —■j + lj-f —1) xB^r I^I 


n+2s 


^ 211 Hoc I \l° 


= (R)|-S 2 fl| 


'(-1+1,1-1)'= \yi 


dyi ^ Ui||moo||l°°(r"-i)||'0^|U°°(r) 


n+2s — 


£n—l-\-2s 


Using the estimate (IA.6I) we see there exists a constant C 2 > 0 depending on the L°° norm of Uo 
and 'ipi such that 


/ " < pS+ji- (A-i) 

J Q. I ^ 

Finally, using the inequality (IA.7P and the fact to the expression (jA.5p . we obtain 

[u,(X) - u^{X)fdX < 

Since e is any arbitrary number less than 2s and s > ^, we take e as 1 < e < 2s. Now this implies 
that, as £ —>■ 00 , 

/ {Ul - Uoaf — 0 . 

J 

This completes the proof. □ 
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